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Abstract

Undirected binary fuzzy graphs can be obtained from two given undirected binary fuzzy graphs using
the operations, cartesian product, composition, tensor and normal products. In this broadsheet, we find the
degree of a pinnacle in undirected binary fuzzy graphs formed by these operations in terms of the degree of
vertices in the given undirected binary fuzzy diagrams in some particular cases.
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INTRODUCTION

Fuzzy graphs introduced by Rosenfeld in 1975[1-2, 9, 10]. The operations of union, join, cartesian
product and composition on two fuzzy graphs were defined by Mordeson. J. N. and Peng. C.S [3-8]. In this
paper, we study about the degree of a vertex in undirected binary fuzzy graphs which are obtained from two
given undirected binary fuzzy graphs using the operations cartesian product and composition of two
undirected binary fuzzy graphs, tensor and normal product of undirected binary fuzzy graphs. In general, the
degree of vertices in cartesian product and composition of two undirected binary fuzzy graphs, tensor and
normal product of two undirected binary fuzzy graphs BG, and BG, cannot be expressed in terms of those in
BG; and BG,. In this paper, we find the degree of vertices in cartesian product, composition, tensor and
normal product of BG; and BG, in some particular cases.

PRELIMINARIES
Definition 2.1:

A fuzzy subset u onaset Xisamapu : X —=[0, 1]. Amap 8 : X X X — [0,1] is fuzzy relation on X if
3(a, B) < u(x)Au(y) forall a, f €X. 3 is a symmetric fuzzy relation if R(a, 8) = (B, a) forall a, f €X.
Definition 2.2:

Let X be a non-empty regular set. A binary fuzzy set B in X is an objective having the practice B=
{(a,uP(a), u’'(a))la € X} where uP: X —[0, 1] and u”": X —[0, 1] are mappings.

Definition 2.3.

A binary fuzzy graph of BG* = (V,E) is a pair BG (A, B) where A= (uﬁ,yﬁ) is a binary fuzzy set in V
and B=(uf, ug) is a binary fuzzy set in VXV such that (u5(aB) < u? (a)Au (B) for all a, B € VXV, (up(aB) =
1y (@)V iy (B) for all a, B € VXV, and (ug(aB)= (u2(aB)=0 for all a, B € VXV-E.

0.4, 0.6)

Figure 1 : Undirected Binary Graph
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Definition 2.4: Let Ay = (uj , pta,)and Ay = (s ,1a,) By = (up,, ug,)and By = (up , up,) be a binary fuzzy
graph subsets of E; and E, respectively. Then the cartesian product of two BG, and BG, of graph BG,"and BG," by BG, X
BG,=(A1XA,, B1XB,) and defined as follows

1. (Iiﬁleiﬁz)(apaz) = (llz1 (051)/\.“51)2(0-’2))
(ta, Xiay)(ay, az) = (g, (@) Apg, (a3)) forall a, g €V

2. (HZIXHZZ)(QPQZ)(“pﬁz) = (ﬂzl (051)/\.“1[;2(0-’2:32))

(kg Xup,) (e, ;) (@, By) = (g, (1) Vig(as, Bo)) for all ay € V, and at,, B, € E,
3. (up,Xug)(ay,y)(ay,y) = (up(az B)AW, (1)

(g, Xpig,) (@1, ¥) (@1, ¥) = (uf (ay, B)Vug(y)) forally € V, and a;, B, € E;

Definition 2.5: Let A; = (uy,pa)and Ay = (uy ,us,) be an undirected binary fuzzy subgraph of

ViandV, let B; = (ugl, y; pand B, = (Mgz, yf;z) be binary fuzzy graph subsets of E, and E, respectively. Then

the composition of two binary fuzzy graphs BG, and BG, of graphs BG,*and BG," by BG, ° BG,= (A1°A,, B1°B;) and
defined as follows

1 (up, a,) @y, az) = (uy (a)Auy (a3))
(1, °ta,) (@1, @2) = (g, (@) My, (@) for all ay, @, €V
2. (H31°l11€2)(a1» a,)(ay, fr) = (Mﬁl(%)/\ﬂgz(az'ﬁz))
(B, Hp,) (@1, @) (@1, B2) = (M, (@1)Viug(az, By)) for all @y € V, and ay, B, € E,
3. (up,°tp,)(an )@y y) = (up(az, B2) Ay, (V)
(1, °tg,) (@1, ¥) (Br,¥) = (W, (@1, BOVuG()) forally €V, and a;, B, € E;
4. (H31°llgz)(a1:)’)(ﬁ1:)’) = (Hg(az'ﬁz)/\llzz )
(1, tg,) (@1, @) (B1, Br) = (h, (@) My (B)Aug, (s, @) for all(ay, @) By, Br) € E — E
5. (g, "Hp,) (@1, @) (B1, B2) = (ia, (@2)Vitg, (B2)Viip, (@, @) for all(ay, a2) By, Bo) € E” — E
Definition 2.6: Let A, = (uﬁl,uzl)and A, = (l‘ﬁz’ﬂ;z) be an undirected binary fuzzy subgraph of
V, and V, let By = (ug,, ug,)and B, = (uj , up,) be binary fuzzy graph subsets of E; and E, respectively. Then

the normal product of two binary fuzzy graphs BG, and BG, of graphs BG,*and BG," by BG, * BG,= (A1 * A5, B = B;) and
defined as follows

L (Ilzl * #ﬁz)(%:az) = (Mﬁl(al)l\uﬁz(az))
(tay * M) (@1, @2) = (p, (@1)Vig, (@) for all ay, @, €V
2, (#ﬁl * #gz)(alxaz)(ﬁl'ﬁz) = (Hﬁl(al)Aﬂgz(az’ﬁz))
(.“;?1 * ﬂgz)(a—’paz)(ahﬁz) = (M;l(%)vﬂgz (az, By)) forall @, €V, and a,, B, € E,
3. (up, * tp,) (@, V)(B1Y) = (up(az, B2) Ay, (V)
(ﬂ;l * .ulwaz)(al')’)(ﬁl,}’) = (#ﬁl(al,ﬂl)V#f}Z (y)) forally eV, and a4, B; € E;
4. (up, * g )@, V)(Bry) = (up (az B) My, (1))
(ug, * g, (a1, B2) (a2, B2) = (up (ar, B)Vip, (@, B) for allay, By € By, (az,B;) € E, E* — E

Definition 2.7: Let A, = (uﬁl,,ufll)and A, = (uﬁz,,uzz) be an undirected binary fuzzy subgraph of
V, and V, let By = (uj , ug,)and B, = (uj , ug,) be binary fuzzy graph subsets of E; and E, respectively. Then

the tensor product of two binary fuzzy graphs BG, and BG, of graphs BG,"and BG," by BG, ® BG,= (A1 @ A,, B1 ® B,)
and defined as follows

1 (Hﬁl X #52)(0‘1'“2) = (Ilz1 (051)/\.“22(“2))
(a, ® pa,) (@1, @) = (pa, (@0)Vitg, () for all ay, @, €V
2. (uﬁl X ligz)(apaz)(ﬁpﬁz) = (uﬁl (051)/\/152 (az,B82))
(.U;:l ® ugz)(al,az)(al,ﬂz) = (#;1((11;/31)‘/#;2(“2»32)) forall @y, B, € E; and a,, B, € E,
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Degree of a vertex in the cartesian product
In above defination, for any vertex (a1, ;) € V

doyrnn(@, @) = > [ X1 )@, @) Ba o), (g b, ) (@0, B )]

(a1,az)(aq1,B2)EE

=Y (1= @npres (Hh, @DAUE ) (@2, B), (a, @)V g, (@, )]+
Z(a2 =B,)(a1,B1)€EE, [(Hgl (aq, 31)/\/154)2) (B2), (ﬂ;l (aq, .[))1)VMAZ (ﬁz))]

In the following theorems, we define the degree of (@4, @,) IN BG, X BG,in terms of those in some particular cases.
Theorem 1: Let BG, and BG, be two undircted binary fuzzy graphs. If uﬁl = ,ugz, ”;1 < ”1”5'2 and uﬁz = ugl, u;z <
.Ugl then dp;, x pe, (@1, @z) = dpg, +d g,
Proof : By deffination of degree of a vertex in cartesian product
dpq, x8a, (ay, az):Z(alzﬁl)(az,ﬁz)eEz[(#Zl (051)/\#1[;2 (a3, B2), (.U,Mql (051)VI1:22 (az, .32)]"'
3 (ar=po) s s [ (g, (@1, BOMG, (Ba), (Hp, (@1, B)Vitg, (B2)]
:Z(aZ,BZ)EEZ [(HZZ (az, B2), .U;zz (az, ﬁz)] + Z(a1,31)651 [(M§1 (ay, B1), (ﬂ;l (ay, .31)]
=dpg, (a2) + d pg, (@)

Example 1
(0.2,0.5) (05.0.4)
O 50.6.0.4;0
&y (0.1.0.4) @y B2 (ay.a 0.1,0.4) (s, 5>) (0.1.0.4)
BG+ (0.6.0.4)
(0.3,0.6)
(0.3,0.6) .3.0.6)
B, (0.3.0.8)
BG, (az, Fi (0.6,0.4) ( 1 By)
(0.2,0.5) BG,XBG, (0.3,0.4)

Figure 2 :Cartesian product
Here uf = up , a, < up, and uf = up , g, < pg, by theorem of 2.

dpe, x 56, (ap,ay) = dpg, + dge,

(0.6+0.4, 0.3+0.5, 0.6+0.4, 0.3+0.5)
(1.0,0.8,1.0,0.8)
Similarly we find to all vertex in BG,xBg, in figure 2

Degree of a vertex in composition product
In above defination, for any vertex (a;, ;) € V

d301°362 (ay,a3) = z [(#AIOﬂﬁz)(Qp“2)(31',32)' (#210#22)(%'“2)(&'32)]
(a1,a2)(B1,B2)EE
=Y (a0 @npes (s, @DAUE ) (@2, B), (Ha, (@)Vig, (@2, B5))]
X (r= ) (an pryeEs | (U, @DAUG, (a1, By), (i, (@2)Vitg, (a1, B1))]
+ Dwr b anpoes | (1, @Ay, (B)AG (@, B), ((a, (@2)Vita, (B2)Vig, (@, By)]

Theorem 2: Let BG, and BG, be two undircted binary fuzzy graphs. If yﬁl = ugz, ,uzl < ugz and uﬁz = ,ugl, uzz <
pg, then dyg < pg, (a1, @3) = dpg, (@) Vo] + d gg, (B2)
Proof : By deffination of degree of a vertex in composition product
dB(;l °BG, (s, az):Z(al,az)(p’l,ﬁz)eE[(Mﬁlo.uﬁz (ay, a3)(B1, B2), (.UA1°#A2 (ar, az)(az, ﬁz)]
ZZ(alzﬁl )(az,BZ)EEZ[(/'Lﬁl (061)/\#,’;2 (az, B2), (.UAl(Oﬁ)VHBZ (az, ,32)]"'
2 (@z=B2) @ B)EE; [(“1’;1 (a’l)AuﬁZ (a1, B2), (up, (@1, B1)VHy, (B,)]
[(Hﬁz (Ufz)Allg2 (,31)/\111’;1 (@1, $1)), ((pa, (@2)V iy, (ﬁz)Vﬂzl (a1, ﬁl)]
(az#B2)(ay,B1)EE;
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:dBGZ (az) + |V2|d3c;1(“1)

Example 2:
(G.E:G.%: (0.6.0.4) EEE.S,EJA)
a; vy (0.1.0.4) s B2 (@1, a3) (0.1,0.4) (@1, ;) (0.1.0.4)
BG, (0.6,0.4)
(0.3,0.6)
(0.3.0.6) 0.3 0.3.0.6)
B, (0.3.0.8) (0.2,0.1)
O
BG, (@, b1) (0.6,0.4) (ﬁlr }92)

0.2.05 © 0.3.0.4
0.2,05) 56, BE: 0.3,04) Figure 3

:Composition product
Here dpg, - pg, (a1, az) = dpg, (az) + [V;|d pg, (a1)
=0.4+2(0.3)=1.0
Similarly we find to all vertex of dgg, - pg, (@1, @2).
Degree of a vertex in tensor product
In above defination, for any vertex (a4, 5;) € V. XV,

Ay, 956, (A1, a2) = Z [(Hﬁl ® Hﬁz)(apaz)(ﬁpﬁz)x (H:l ® sz)(ap az)(ﬁpﬁz)]
(a1,a2)(B1,82)EE

=X (@r=B1)an B)eEs | (o, (@1, @) Al (B1, B2), (g, (a1, @)V g, (B, B2))]

Theorem 3: Let BG, and BG, be two undircted binary fuzzy graphs. If ugz > ,ugl, ugl < ,ugz then dg;. o 56, (@1, a2) =
dpe, (a1) and #ﬁl 2 #52: .“;[;1 = .Ulmaz then d g, o pe, (@1, @2) = d g6, (B2)
Proof : By deffination of degree of a vertex in cartesian product
A6, © 86, (@1 X2)= (ay pryer, | (o, (@1, BME, (@2, B2), (g, (@1, By)Vita, (@2, B)]
= Z(al,ﬁl)eEl[(Hgl (ay, 1), (.U;zl (aq, 31)]

=d pg, (a1)
Example 3:
(0.2,0. (0.6,0.4) .5.0.4)
a;y (0.1,0.4) az B2 (ay.a
BG,

(0.3,0.6)
B, (0.3.0.8)

BG, (az,

(0.2,0.5) BG,® BG, (0.3.0.4)
Figure 4 :

Tensor product

Here dpg, o 5e, (@1, a2)= (0.3, 0.6, 0.6, 0.4)= d p;, (1)
dp6, o 56, (@1, @2)= (0.3, 0.6, 06, 0.4)= d g, (B, )
Degree of a vertex in normal product

In above defination, for any vertex (a4, 5;) € V.1 XV,

A6, x5, (A1, a2) = Z [(MQIX #ﬁz)(al, a3)(B1, B2), (.“le .U;;Z)(a’p az)(ﬁlyﬁz)]
(a1,22)(B1.B2)EE
=Y (w11 Yan ), | (1, (@) AU, (@2, By), (1a, (@)V g, (a3, B2)]
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@ B, (@), (i, (20, B)Via, (B2)]
(az=PB2)(a1,B1)€EE;
- > |, @z o)Aty (B MG, (1, B1)), (i, @z, Bo)Viip, (s, 1))
(a2,B2)EE,(aq,51)€EE,

Theorem 4: Let BG, and BG, be two undircted binary fuzzy graphs. If ugz > ,ugl, u;z < ugl and ,uﬁz > ugl,
ﬂgl =< ll;;l then dp; 56, (@1, a2) = d g, (B2) +IV2ld gg, (@)
Proof : By deffination of degree of a vertex in cartesian product
dB(,‘lX BG, (as, az)=2(al,a2)(ﬁl,ﬁzm[(MﬁlXMZZ (ay, az)(B1, B2), (#lellyz (ag, az)(ay, ﬁz)]
:Z(alzﬂl )(aZ,BZ)EEZ[(Mﬁl (“1)/\#1,;2 (az, B2), (MA1 (a1)Vug, (az, [”2)]
+ Z [(ﬂﬁl (“1)Aﬂlp32 (a2, B2), (.UA1 (0-’1)Vﬂ;32 (B1, [”2)]
(az=B2)(a1,B1)EE; ” .
+ Z(a2=B2)(a1,B1)EE1[(Mﬁl (az)AM§1 (ay, By), (MAZ (az)Vlisl (ay, .32)]
+ Z [(Hgl (g, B)X uﬁz (az Ba), (.“;;1 (a1, B1)X HZZ (a2, B2)]
(a1,a2)(B1,B2)EE )
=% (=B Ve B)eE Mo, (02, B2). g, (@2, 2)]
+ Z [(Mgl (a1, B2), (#;31 (a1, 31)]

(az=pB2)(a1,B1)€EE,

+ Z [Mgl(%;&)'#gl(%rﬁﬂ]
(a1,81)€E,
:dBGZ (az) + |V2|d15e(;1 (a1)
Example 4:

(EJ.E,D.E (0.6.0.4) EE.S_.GA)
oy (GI-D"U o 182 [{Il,ﬂf (G]--G"‘) [al’ 182) (01-'34)

2

BG, (0.6.0.4)
(0.3,0.6)
(0.3,0.6 : (0.}.0.6)
B, (0.3,0.8) (0.2,0.1)
BG, (a2, F1 (0.6,0.4) ( 1 B5)

(0.2,0.5) 56,°BG, (0.3,0.4)

Figure 5 :Normal product
dpe,x e, (a1, a3) = (03+03+0.3,06+0.6+04,04+04+04,18+18+1.2)
=(0.9,1.6,1.2,4.2)
dp6,x 6, (@1, az) = 0.3,0.4,0.4) +2(0.3,0.6,0.4,1.8)
=(0.9,1.6,1.2,4.2)
CONCLUSION
In this paper, we have found the degrees of vertices in BG, * BG,, BG; X BG,, BG, ° BG,, BG; @ BG,in terms
of degree of vertices in and under some conditions and illustrated them through examples. This will be helpful
when the graphs are very large. Also they will be very useful in studying various properties of cartesian product,
composition, tensor product, normal product of two bipolar fuzzy graphs.
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