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Abstract

In this paper, we defined generalized Fibonacci sequence using two dimensional g-difference
operator and we derive some algebraic identities as it includes its relationship with Fibonacci
numbers. Also we derive theorems using inverse two dimensional g-difference operator.
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1.Introduction

In 1984, Jerzy Popenda introduced a particular type of difference operator A, defined on
Aqu(k) =u(k +1) —au(k). In 1989, K.S.Miller and Ross introduced the discrete analogue of the
Riemann-Liouville fractional derivative and proved some properties of the fractional derivative operator.
Recently, G.Britto Antony Xavier have got the solution of the generalized g-difference equation
Agfv(k) = u(k), k € (—»,0) and q # 1, in the form

ek = ek
s ek = 3, v(i)
qm i /
The authors introduced g-alpha difference operator, which is defined as
Bgyav(e®) = v(qe’) — av(e") (1
And then extended to generalized higher order g-alpha difference equation

A(‘h)‘h (A(QZ)aZ("" A(Qt)at(v(ek)) )) = u(ek)' ek € (_OO' oo) ’ (2)

and obtained formula for finite g-alpha multi-series and finite higher order g-alpha series.
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Definition :1.1

Let y;, and y, be fixed real’s, eX € (—o0,). Then the two-dimensional

q — difference operator fa js defined as

(v1.72)
B9 (e = v(g2e") — yyu(ge®) — vav(ed) 3)
(Y1, 72)
-1
and its inverse,denoted by d ,is defined as below:
(Y1, 72)
. Aq k k k Ac—ll k
if v(e®) = u(e®), then v(e®) = u(e™) (4)

(v1,72) (v1,72)

Remark : 1.2
k
When y, =yand y, =0, replacing e* by % in (1) we get
A gy v(e") = v(ge®) —yv(e)

Lemma :1.3

-1 k"
Aq K e

e =
(¥1,72) q?" — y1q™ —v»

If an _ qun —y,#0 fOT n=20,1,2,.. , then

-1
Ag 1

and =
(yuy2) 1 —vi—72

Proof :

Replacing v(e®) by e*" in (1) we get,

A n n n n
= ) ) )
n A(_ll n n n
et = Croya) [*"(e¥") = v1a™(e*") = v2(e")]
A_1 n k™
q k™ _ e (5)

e =
(v1,72) q*" — v1q" — v,

again replacing v(e*) by e’ in (1) we get,

A
q kO 2.0, k° 0 ,k° kO
et = e )—vy e )—y,le
Crva) q*>°(e*") = r1q°(e*) = r2(e"")
At 1
Thenweget ., © (1)= ——— (6)
(v1,72) 1-v1—72
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Lemma :1.4

Let k € (—0,0) and q # 0. Then we have

A
AZyv(er) = 1 v(eh

(2y,—y?)
Proof:

Aq

From (1) => (yes)

v(eX) = v(q?e") — y1v(ge®) —yov(e®)

Putting y; =2y and y, = —y?

A
o ‘;2) v(e®) = v(q2er) — 2yv(qe®) + y*v(e®)

A%q)yv(ek) = v(q?e®) — 2yv(qe®) + y?v(e¥)

A
. 2 kN — q k
FRar )= () V)

2. Fibonacci Sequence Using Two — dimensional g-difference operator

In this section, we introduce two dimensional sequence and its sum
Definition :2.1

For each pair (y,,y,) € R?, the two dimensional Fibonacci sequence is
defined as
Fiyiy = {Faln=or (7

where Fy = 1,F; =y, and E, =y1F_1 +V3Fu_, for n > 2.

when y; = y, = 1,(5) become the Fibonacci Sequence.
Example :2.2

Fo3 =1{1,2,1,—4,-11,...}
Theorem : 2.3

Let F, € F(,,,,) and ek € (=0, ). Then we have
m k -1 -1 k _1 K
e A A e A e
Z(:, " <qr+2> (Y1, 72) m+1()’1')’2) qmtt 2 ™ (Y1, Y2) qmt? ®
Proof :
-1

A A
Taking y qy )u(ek) = v(eh), y (;/ )v(ek) =u(e®) and by (1),we write
1,72 172
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v(q?e’) = u(e®) +y,v(qe®) +y,v(e") 9
Replacing e* by eq—k in (7) we get,
ek ek
v(ge*) =u <?) +y1v(e") +y,v <7> (10)

Substituting the value of v(ge*) in (8), we get

ek ek ek
e = o) e () (2
k k
2k k e 2 k €
v(g°e”) = ule") +yu r + (vi +v2)v(e") + y1ypv rl (11)
Again replacing e* by eq—k in (8) we get,

K K k
v(e®) =u <Z > + yv <eq > + y,v <:—2>

Substituting the value of v(e*) in (9), we get

o) =ue) ran( ) 010 [o () erar (T v ()| v (5)
v(g“e”) u(e)+y1u<q>+(h+yz)lu<q2 +yv 7 + vy, = + Y172V 7

k

k k
v(q®e®) = u(e") + yu (%) + (i +v)u <:—2) + {1 (vt +v2) +vavadv (%)

k
+y2(rf + v (Z—2> (12)

Since F, € F(y,,), We get

ek ek ek ek
v(q%e*) = Fyu(e®) + Fju (;) + Fu <?) + F3v <7> + v, Fov <?> (13)

Proceeding like this we, arrive

ok ok ok ok
v(q?e*) = Fou(e®) + Fiu <—) + ..+E u< > + Fpq < 1) + Y2 Fpv (—m> (14)
q qm qm q
. ek ek ek ek ek
v(e®) = Fpul—= e + Fiu|— e + ...+ Fu qm+2 + Fi1 W + v, Fpv W

()= e~ sy )y )
U\ —— | = ule — _—
L \q ) (vor) ™ ) Y\ ) T Gy U\
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Corollary : 2.4

Assume that y; +y, # 1 and F, € F, ,,). Then we have

m
E = 1_Fm+1_V2Fm
o 1—yi— v
Proof :
replacing u(e*) by e*”in (8).

m

AL AL AL
F = a _p TR q
120 " (Y1, 72) ml (Y1, 72) 2om (Y1,72)

Z (V1;V2) [ Fm+1 - )/sz]

m
ZF :[1_Fm+1_V2Fm]
" 1-vi— 72

3. Two —Dimensional g Multi — Series

In this section, we obtain formula for sum of g-multi series.
Theorem : 3.1

Let 0 # q; k € (—o0,) and F, € F,, ,,). Then

i —1
t-1 m

-1 g tt1q
- p=i+11p p=itltp
Z F i+1-t {Fmi+1+1u< ; > ml+1+1>+V2sz+1u< p m1+1+2>}
=1 (i (Y1»V2) p=14p 4

i+1 p 1qp i+1
+ z 1_[1: u( >
" i 1q CIt

(r)l—ﬂ i=

A1

= qi-t _ Hg—zll qgek —Vv.E H;’_:ll ql%ek
- (]/ ” ) q m1+1u qm1+1 Valm, U qm1+2
1,72 1

1

Proof ;

Replace q, m, r by g,,m, ,r, in (3.6), we get

my

k - k 1 Kk
e A e A e
E E.ul—— @2 ek (—) v, F 4z ( )
72=0 * <q;2+2> (Y1, 72) ( ) m2+1(7/ Vz) mat1 2ims (v1,72) mpt2

k

e
Replace e* by —— and multiplying by F, for ry =1,2,3,.. my in (3.13)
q4
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F ZF u( )
L&t 2 1 q;‘2+2

R R R o)
(V1»V2) m2+1(V1»V2) gt

AL ek
—y, F, 12 u(—) (3.14)
25ma (y ) M\ g

Summing (3.14) for r; = 1,2, .....m; we obtain

miq mp
ek
F;‘1 F’”z u 1 T2+2
r1=0 12=0 ql qz

e’ -1 k
SIENE
! (]/1!)/2)
mq
Al ek
- ) F 2 e
rlzo m2+1()’1')’2) (rl m2+1> 2l mz(yl’yz) < q;n2+2>

Using (3.6) the above expression becomes

mq myp Kk
> ) F( o)
1 2 1 _Ty+2
T1=0 T2=0 ql qz
AL AL . AZl A qie®
u(qie®) = Fp 41 u m

= (o) (7 72) (yl,yz) (ovs)

A7l AL -1 ok
— a1 az ¥o E, u( ) Z E. Fp 1 QZ <—>
(7/1,]/2) (Y1,]/2) 1 my+2 1 2 (Vp)/z) qumz+1

2

-1 ek
Z . V2Fm, Ao <W> (3.15)
Yuy2) Mg

2

Replacing the q,,m;,11,q,,m,, 15 by q,,m,,1, q3,m3,15 in (3.15)

ms ms
ek
P;”z Fr3 u Ty T3+2
220 1320 92 93

AL Agl AL AG) q3ek AL Agh q3ek
= u(qu ) sz+1 m +1 — 72 B my m +2
(Vl'Vz) (Vl']/z) (Y1;V2) (Vp)’z) 2 (V1:V2) (V1:V2) 1

-1 ok
z Fr1 ma+1 q3 (ﬁ)
(VLVZ) q, 2q 3
z al (3.16)
Ul —m= :
2 2fm, (Y1;Y2) q2 q;n3+2
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k
Again replace e* by :Tl and multiplying by E. for ry =1,2,3,.. m; in (3.16),

1

We get

my ms ek
P;”1 Z FTZ z FT3 u( m3+2>

1,=0 1r3=0 ql qz q3
_F Azl AG) (qZ€k> F Mgy DG ( qze )
& (V1.V2) (Vp)/z) "2 (yy,72) (V1’Y2) qllq;n2+1
A_ A 1 ( qu ) z E Aq?} ( ek >
4
2 mz(h'}’z)()/pyz) n m1+2 o " m3+1(y1'y2) q1 ququH

ek
E.y,F, U\ ————F
Z rl28mg (}/1; yz) q11q2 qm3+2
PEPASAMCT=
q1 qz a3

- " A_ { <q q e ) <q2qzek)}
_ q1 q2 qs k 142 142
= u(q?qie F, u Y2 Fpu
(1, 72) (vnv2) (v, v2) ( 1 ) Mt mytl 2 m myt2

q4
my
A7t A7L qe q2ek
rlzjo (v v2) (Yu.v2) mz+l q:1q72”flz+1 2 Fm,u Ilq;n1+2

mq my
> o (ata) “
— E zF F, Ul ——m—— |+ 1y E | ————
& &1 P T ) fmz+l (v1,72) q71”1q72”zqm3+1 28mg ququq;n3+2
Proceeding like this we get the proof of the theorem
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