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Abstract :  The ternary quadratic equation given by zyx 2729 22  is considered and searched for its many different  integer 

solutions.Five different choices of integer solutions of the above equation are presented. A few interesting relations between the solutions 

and special polygonal numbers are presented. 
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I. INTRODUCTION: 

      The Diophantine equation offer an unlimited field for research due to their variety [1-3] in particular one may refer[4-14] for 

quadratic equations with three unknowns.  This communication concerns with yet another interesting equations zyx 2729 22   for 

determining many non-zero integral points. Also, a few interesting relations among the solutions are presented. 

 

II. NOTATIONS: 

1. 
nm

t
,

nth term of a regular polygon with  m sides 

            = 






 


2

)2)(1(
1

mn
n  

2. 1)1(6  nnS
n =

  Star number of rank n 

3. )1(  nnpr
n =

   Pronic number of rank n 

III. METHOD OF ANALYSIS: 

THE TERNARY QUADRATIC DIOPHANTINE EQUATION TO BE SOLVED FOR ITS NON-ZERO DISTINCT INTEGRAL SOLUTION IS 

               zyx 2729 22                                                                                                                (1) 

 Substituting 

        Yy 3
          

                                               (2) 

in (1), we get 

        zYx 32 22                                                              (3) 

(3) is solved through different approaches and the different  patterns of solution (1) obtained are presented below 

PATTERN : 1 

Assume  

         
 222 2baz                                                                                      (4) 

Write 3 as, 

          21213 ii 
                                                             (5)

 

Using (4)  and  (5)  in  (3)  we  get
 

       
        22

22212122 biabiaiiYixYix   

Consider the positive factor, 

             
    22212 biaiYix 

                     

 
  abbiaiabibaYix 42222222 2222 

             
     2222 222422 baabiabbaYix   

Equating real and imaginary parts, 

             abbax 42 22   
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            abbaY 22 22    

Using   (2)
 

           
abbay 663 22   

We obtain the non- zero  distinct  integral solution of (1) as 
 

          
  abbabax 42, 22   

         
  abbabay 663, 22   

         
   222 2, babaz   

PROPERTIES:
 

  
  03Pr,1.1

,4,14


bbb
ttby  

  
  )3(mod02,1.2

,4,6,14


bbb
tttby  

  
  04Pr,1.3

,4,14


bbbb
tGtby  

  
  )7(mod010Pr10,1.4

,4,8


aaaa
ttSay  

  
  0421,.5

4,


aa
Gtax  

PATTERN : 2 

3  can  also  be  written  as       

            

  
23

2525
3

ii 
                                                     (5) 

Substituting   (5) in (4) and employing the method of  factorization  We get 

           

         
2

22

3

2525
*2222

ii
biabiaYixYix




 

Consider  the  positive  factor 

            

     
3

25
*22

2 i
biaYix




 

            

     
3

25
*222 22 i

abibaYix




 

            

     
3

10224105
2

2222 abbaiabba
Yix




       

    

Equating  real and imaginary parts  of the  above equation  we  get  

            

 
3

4105
,

22 abba
bax


  

            

 
3

102
,

22 abba
baY


  

Using   (2) 

           

 
3

3063
,

22 abba
bay


  
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   222 2, babaz   

Assume  a=3A  and  b=3B  in  the  above  equation   the  non – zero distinct  integral solution  of  (1)  is  given  by 

         
  ABBABAx 123015, 22   

         
  ABBABAy 90189, 22   

         
   222 189, BABAz   

PROPERTIES: 

 
  )5(mod02Pr21,.1

,4,15


AAA
ttAx  

 
  01541Pr41,1.2

,4,62


BBB
ttBx  

 
  )2(mod098Pr981,.3

,4,20


AAA
ttAy  

 
  0973Pr73,1.4

,4,38


BBB
ttBy  

 
    024125Pr125,1,1.5

,4,98


BBB
ttByBx  

PATTERN : 3 

(4) can also be written as  

         1*32 22 zYx                                                     (6) 

Write  1  as 

        

  
23

221221
1

ii 
                                                    (7) 

Substituting  (7)   in (6)  and  employing  the  method  of  factorization  we  get,    

           
2

22

3

221221
*22212122

ii
biabiaiiYixYix


  

Consider  the  positive  factor, 

            

      
3

221
*2212

2 i
biaiYix


   

           

      
3

221
*22212 22 i

abibaiYix


  

           

     
3

66321263
2

2222 abbaiabba
Yix


  

Equating  real  and  imaginary  parts, 
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 
3

1263 22 abba
x


  

           

 
3

663 22 abba
Y


  

Using  (2) 

         

 
3

18189 22 abba
y


  

We obtain  the  non-zero  distinct  integral  solution  of  (1)  as 

        
   abbabax 42, 22   

        
   abbabay 663, 22   

       
   222 2, babaz   

PROPERTIES : 

1.   013Pr3,1
,4,6


bbb

ttbx  

 

 

  )2(mod012Pr12,1.3
,4


bbb
tSby

 

  )3(mod04Pr41,.4
,4,8


aaa
ttay  

 

PATTERN : 4 

Substituting   the  linear  transformation 

           















26

2

uz

TXY

TXx

                                                     (8)  in  (1)  

we  get,
  

         
    222

6*322 uTXTX 
 

      

 

          
222 1863 uTX   

Which can also be written as 

         
     TuTuuXuX  222

                                                    (9) 

22222 1842244 uXTTXXTTX 

    049Pr91,1,.5
,4,6


aaa

ttayax

  024Pr41,.2
,4,4


aaa

ttax
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CASE:1
 

(9) can  be  written  in  the  form  of  ratio  as 

        
  













uX

Tu

Tu

uX

22

2
                                                  (10) 

Which  is  equivalent  to  the  system  of  double  equations  

       

 
  








02

0222

uTX

uTX




                                                  (11) 

Solving  (11)  by  method  of  cross  multiplication  we  get 

       














22

22

22

2

42

424







u

T

X

                                                  (12) 

Substituting  (12)  in  (8)  the  non –zero distinct  integer  solutions  of  (1)  are  given  by, 

        
   448, 22 x    

       
   2436, 22 y  

       
   22226,  z  

PROPERTIES : 

  )4(mod03Pr31,.1
,4,18



 ttx  

  087Pr7,1.2
,4,10




 ttx
 

  )3(mod022Pr22,1.3
,4,8



 tty  

  0329Pr291,.4
,4,14




 tty  

    0733Pr331,1,.5
,4,30




 ttyx  

CASE:2 

(9)  can  also  be  written  in  the  form  of  ratio  as 

        

 














uX

Tu

Tu

uX

2

22

 

Which  is  equivalent  to  the  system  of  double  equations 

       

 
  








0222

02

uTX

uTX





                                                                 (13)      

Solving  (13)  by  method  of  cross  multiplication  we  get, 

       















22

22

22

2

42

442







u

T

X

                                                                  (14) 

Substituting  (14)  in  (8)  the  non  zero  distinct  integer  solutions  of  (1)  are  given  by, 
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   12, x

   

      
  22 189,  y

 

      
   222 26,  z

 

 

PROPERTIES : 

  012Pr12,1.1
,4



 tx

 

  036,1.2
,4




 ty
 

    )3(mod07Pr7,1,1.3
,4,14



 ttyx

 

  )2(mod031,.4
,4



 ty

 

    03Pr126,1,1.5
,4




 tyx
 

CASE:3 

Write  (9) in  the  form  of  ratio  as 

      














uX

Tu

Tu

uX

2)(2

2

 

Which  is  equivalent  to  the  system  of  double  equations 

      

 
  








02

0222

uTX

uTX





                                                                               (15) 

Solving  (15)  by  method  of  cross  multiplication  we  get 

      















22

22

22

2

42

424







u

T

X

                                                                  (16) 

Substituting  (16)  in  (8)  the  non  zero  distinct  integer  solution  of  (1)  are  given  by 

      
   12, x

 

      
  22 918,  y

 

 

 

PROPERTIES : 

  012Pr12,1.1
,4



 tx

 

  0189,1.2
,4




 ty
 

  09181,.3
,4




 ty
 

    )9(mod05Pr51,1,.4
,4,38



 ttyx

 

    )3(mod029Pr291,1,.5
,4,38



 ttyx

 

PATTERN : 5 

Substituting   the  linear  transformation, 

       















211

2

uz

TXY

TXx

                                                                 (17) 

  in  (1)  we  get, 

       
    222

11*322 uTXTX   

   22226,  z
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22222 3342244 uXTTXXTTX   

      
222 3363 uTX   

which can also be written as 

      
     TuTuuXuX  233

                                                                (18) 

CASE:1 

(18)  can  be  written  in  the form  of  ratio  as 

       

 
 

 
  













uX

Tu

Tu

uX

32

3
                                                         (19) 

which  is  equivalent  to  the  system  of  double  equations 

      

 
  








03

0232

uTX

uTX




                                                  (20) 

Solving  (20)  by  method  of  cross  multiplication  we  get, 

      















22

22

22

2

62

436







u

T

X

                                                  (21) 

Substituting  (21)  in  (17)  the  non-zero  distinct  integer  solution  of  (1)  are  given  by 

      
   162, 22 x  

      
   61224, 22 y  

      
   222211,  z  

PROPERTIES : 

  0117Pr171,.1
,4,6




 ttx  

  0216Pr16,1.2
,4,4




 ttx  

  )6(mod017Pr171,.3
,4,50



 tty  

  02417Pr17,1.4
,4,26




 tty  

    0262Pr2,1,1.5
,4,28




 ttyx  
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CASE:2 

(18)  can  be  written  in  the  form  of  ratio  as 

        














uX

Tu

Tu

uX

3

)(23
                                                  (22) 

Which  is  equivalent  to  the  system  of double  equations 

       

 
  








0222

02





TX

uTX
                                                  (23) 

Solving  (23)  by  method  of  cross  multiplication  we  get 

       















22

22

22

2

62

463







u

T

X

                                                  (24) 

Substituting  (24)  in  (17)  the  non  zero  distinct  integer  solution  of  (1)  are  given  by  

       
   8105, 22 x  

      
   30126, 22 y  

      
   222 211,  z  

PROPERTIES: 

  0517Pr17,1.1
,4,22




 ttx  

  0104Pr41,.2
,4,12




 ttx  

  01235Pr351,.3
,4,14




 tty  

  )6(mod019Pr19,1.4
,4,26



 tty  

    )22(mod032Pr321,1,.5
,4,24



 ttyx  

 

CASE:3 

(18)  can  be  written  in  the  form  of  ratio  as 

       

 














uX

Tu

Tu

uX

3

23
                                                 (25) 

Which  is  equivalent  to  the  system  of  double  equations 

      

 
  








0322

03

uTX

uTX




                                                 (26) 
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Solving  (26)  by  method  of  cross  multiplication  we  get 

       















22

22

22

2

62

463







u

T

X

                                                  (27) 

Substituting  (27)  in  (17)  the  non zero  distinct  integer  solution  of  (1)  

are  given  by 

      
   162, 22 x  

      
   62412, 22 y  

      
   22 211,  z  

PROPERTIES: 

  0216Pr161,.1
,4,4




 ttx  

  0117Pr17,1.2
,4,6




 ttx  

  01217Pr17,1.3
,14,50




 tty  

  )12(mod017Pr171,.4
,4,26



 tty  

    )13(mod02Pr21,1,.5
,4,28



 ttyx  

iv.Conclusion: 

       In this paper we have  obtained infinitely many non-zero distinct integer solutions to the ternary quadratic Diophantine equation 

represented by   zyx 2729 22   .   As quadratic equations are rich in variety one may search for other choices quadratic equation with 

variables greater than or equal  three and determine their properties through special numbers 
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